ELEMENTS, FINITE VOLUMES,
BOUNDARY ELEMENTS

Proceedings of the 2nd WSEAS International Conference on
FINITE DIFFERENCES, FINITE ELEMENTS, FINITE
VOLUMES, BOUNDARY ELEMENTS (F-and-B '09)

Thilisi, Georgia
June 26-28, 2009

Hosted and Sponsored by:
Iv. Javakhishvili Tbilisi State University
Georgia

Mathematics and Computers in Science and Engineering

A Series of Reference Books and Textbooks

Published by WSEAS Press ISSN: 1790-2769
WWW.WS€eas.org ISBN: 978-960-474-089-5




FINITE DIFFERENCES, FINITE
ELEMENTS, FINITE VOLUMES,
BOUNDARY ELEMENTS

Proceedings of the 2nd WSEAS International Conference on
FINITE DIFFERENCES, FINITE ELEMENTS, FINITE
VOLUMES, BOUNDARY ELEMENTS (F-and-B '09)

Thilisi, Georgia
June 26-28, 2009

Mathematics and Computers in Science and Engineering
A Series of Reference Books and Textbooks

Published by WSEAS Press
WWW.Wseas.org

Copyright © 2009, by WSEAS Press

All the copyright of the present book belongs to the World Scientific and Engineering Academy and
Society Press. All rights reserved. No part of this publication may be reproduced, stored in a retrieval
system, or transmitted in any form or by any means, electronic, mechanical, photocopying, recording, or
otherwise, without the prior written permission of the Editor of World Scientific and Engineering Academy
and Society Press.

All papers of the present volume were peer reviewed by two independent reviewers. Acceptance was
granted when both reviewers' recommendations were positive.
See also: http://www.worldses.org/review/index.html

ISSN: 1790-2769
ISBN: 978-960-474-089-5

“"E‘-Eﬁg

World Scientific and Engineering Academy and Society



http://www.wseas.org/

FINITE DIFFERENCES, FINITE
ELEMENTS, FINITE VOLUMES,
BOUNDARY ELEMENTS

Proceedings of the 2nd WSEAS International Conference on
FINITE DIFFERENCES, FINITE ELEMENTS, FINITE
VOLUMES, BOUNDARY ELEMENTS (F-and-B '09)

Thilisi, Georgia
June 26-28, 2009



Editors:

Prof. Ramaz Botchorishvili, Iv. Javakhishvili Tbilisi State University, Georgia
Prof. Tinatin Davitashvili, Iv. Javakhishvili Tbilisi State University, Georgia
Prof. Gia Sirbiladze, Iv. Javakhishvili Tbilisi State University, Georgia

Prof. Anna Sikharulidze, Iv. Javakhishvili Tbilisi State University, Georgia

International Program Committee Members:

Ulrich Albrecht, UNITED STATES
Antonios Andreatos, GREECE
Francisco Araque, SPAIN

Adel Awad, SYRIA

Nikos Bardis, GREECE

Costin Boldea, ROMANIA

Liliana Braescu, ROMANIA
Sonthaya Bunluechokchai, THAILAND
Chokri Chemak, TUNISIA

Veturia Chiroiu, ROMANIA
Zygmunt Ciota, POLAND

Calin Horatiu Ciufudean, ROMANIA
Aldo Cumani, ITALY

Krzysztof Cyran, POLAND

Carlo dell'Aquila, ITALY

Elena Doicaru, ROMANIA

Walter Dosch, GERMANY
Muhammad Abuzar Fahiem, PAKISTAN
Bertalan Forstner, HUNGARY
Eduard Franti, ROMANIA
Alejandro Garces, SPAIN

Rahim Ghayour, IRAN

Bindu Goel ,INDIA

Ioannis Gonos, GREECE
Shivanand B. Hiremath, INDIA
Jason Howarth, AUSTRALIA

Tsai Hua-LIn, TAIWAN
Mohammad Tariqul Islam, MALAY SIA
Habibullah Jamal, PAKISTAN
Hung JenYang ,TAIWAN
Mingyan Jiang, SPAIN
Abdelouahed Jraifi, MOROCCO
Victor Kasyanov, RUSSIA

Omid Khayat, IRAN

Guennadi Kouzaev, NORWAY
Kuan-Chou Lai, TAIWAN

Genete Laura, ROMANIA
Apostolis Leros, GREECE

Yiming Li, TAIWAN

Che-Chern Lin, TAIWAN

James Liu, HONG KONG S.A.R.
Shi-Jer Lou, TAIWAN

Goran Martinovic, CROATIA
Marcel Migdalovici, ROMANIA
Jamie Mills, UNITED STATES
Gabriela Mircea, ROMANIA
Valeri Mladenov, BULGARIA
Bouhdadi Mohamed, MOROCCO
John Morris, UNITED STATES
Adrian-Ioan Niculescu, ROMANIA

Klimis Ntalianis, GREECE
Wlodzimierz Ogryczak, POLAND
Zeljko Panian, CROATIA

Serena Pastore, ITALY

Sonja Petrovic-Lazarevic, AUSTRALIA
Luigi Pomante, ITALY

Dr.S.Alber Rabara, INDIA

Saeed Rahimi, UNITED STATES
Piotr Remlein, POLAND

Krista Rizman Zalik, SLOVENIA
Fang Rong--leng, TAIWAN
Andras Rovid, JAPAN

Saeed-Reza Sabbagh-Yazdi, IRAN
Ahmed Sameh, EGYPT

Maryam Sepehr,i IRAN

France Sevsek, SLOVENIA
Hamid Reza Shahdoosti, IRAN
Tatsuo Suzuki, JAPAN

Kuo-hung Tseng, TAIWAN
Andreas Veglis, GREECE

Osslan Osiris Vergara Villegas, MEXICO
Teodor Virgil Gabriel, ROMANIA
Luige Vladareanu, ROMANIA
Mirela-Catrinel Voicu, ROMANIA
Pattaraweerin Woraratsoontorn, THAILAND
Hung-Jen Yang, TAIWAN
Hsieh-Hua Yang, TAIWAN
Hung-Jen Yang, TAIWAN

Nie Yiyong, CHINA

Stelios Zimeras, GREECE

Sergio Zorzo, BRAZIL



Preface

This year the 2nd WSEAS International Conference on FINITE DIFFERENCES, FINITE
ELEMENTS, FINITE VOLUMES, BOUNDARY ELEMENTS (F-and-B '09) was held in
Thilisi, Georgia. The Conference remains faithful to its original idea of providing a platform to
discuss iterative methods, nonlinear problems, multidimensional systems, Godunov finite
volume discretizations, genetic algorithms etc. with participants from all over the world, both
from academia and from industry.

Its success is reflected in the papers received, with participants coming from several countries,
allowing a real multinational multicultural exchange of experiences and ideas.

The accepted papers of this conference are published in this Book that will be indexed by ISI.
Please, check it: www.worldses.org/indexes as well as in the CD-ROM Proceedings. They will
be also available in the E-Library of the WSEAS. The best papers will be also promoted in many
Journals for further evaluation.

A Conference such as this can only succeed as a team effort, so the Editors want to thank the
International Scientific Committee and the Reviewers for their excellent work in reviewing the

papers as well as their invaluable input and advice.

The Editors





















Proceedings of the 2nd WSEAS Int. Conf. on FINITE DIFFERENCES, FINITE ELEMENTS, FINITE VOLUMES, BOUNDARY ELEMENTS

where Uy contains the prescribed fluxes through the
I'5 faces, while U contains all other (unknown) fluxes.
Equation (8) defines an affine operator acting on U
that will be denoted by Div:
DivU =D;,U + DUy, (9)

Operators D3 and D4 compute the divergence at the
boundary as defined by the extension in (5).

Equations (6) and (7) define the structure of the
GRAD operator in matrix form:

b (10)

GRAD = [ —Dj } )

_DZ

If H denotes the vector of potential values in cell
centers, Hp denotes the vector of potential values at
boundary faces, and H denotes the concatenation of
these two vectors, then

GRADH = -DjH — DjHp. (11)
Equation (11) defines an affine operator acting on H
that will be denoted by Grad:

GradH = -DTH — D;Hp. (12)

Even though Hp also contains the unknown poten-
tials at I'y, their corresponding entries in Dj are zero,
so D5H g is known.

Operators —Dj and —D? compute the potential
differences along I's. Since the flux was prescribed
here, these potential differences are not needed.

Operator Grad computes the potential differ-
ences between cell centers, while Div takes the fluxes
as its argument. It is the task of the constitutive rela-
tion, Darcy’s law, to map one onto another.

The simplest discretization of the constitutive re-
lation was used. It was assumed that the conductivity
is isotropic, in which case K reduces to a scalar. Op-
erator Darcy mapping Grad H to U is represented
by a diagonal matrix with diagonal entries

_AiKi
I

dii = (13)
where A; is the area of face 4, Kj is the conductivity
over face ¢, and [; is the distance between the cen-
ters of cells sharing face i, or between the cell center
and face ¢ center for boundary faces. This mapping
assumes that the line connecting the neighboring cell
centers is normal to the face inbetween. Therefore it
is not very accurate on distorted meshes. However, it
leads to a symmetric discrete Laplacian operator. A
more accurate mapping could be obtained if the sur-
rounding gradients were also included in the flux re-
construction.
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A discrete version of (3) is

(Div * Darcy *« Grad)(H) = 0, (14)
where * denotes the operator multiplication defined as
(A x* B)(x) = A(B(x)). This relation includes the
boundary conditions.

4 Implementation aspects

Linear system (14) is assembled in C++ using the fol-
lowing notation:

linsys = divsdarcy=* (-adj (div)) ;

Variables div, darcy, and 1insys are instances of
the same class, representing affine operators. To com-
pute the gradient operator using formula (6), function
adj must know D3Hpg, and this information is not
contained in Div operator. Therefore, div must con-
tain matrix D; and vectors D,Uy and D3 Hp, and
adj computes the adjoint of Dy and swaps the vec-
tors.

We have used MTL4 library [2] for sparse ma-
trix and vector operations because most other sparse
matrix libraries do not implement matrix-matrix mul-
tiplication. Distributed and Unified Numerics Envi-
ronment (DUNE) [1] was used as a grid interface.

To reduce memory requirements, it is possible to
implement an affine operator that does not store a ma-
trix. Instead, it computes the non-zero matrix entries
on the fly. In this case a specialized operatorx that
multiplies such affine operator with other affine oper-
ators must be provided.

For the computational domain we take the unit
cube (Fig. 1). Outflow rate u,, = 1 was prescribed
on the right hand boundary face, while the potential
h = 1 — x was prescribed on all other boundaries.
We take K = 1. The resulting linear system was
solved using BiCGStab method with ILU precondi-
tioner, provided by MTL4 library. Fig. 1 shows the
distribution of the calculated potential over a symme-
try intersection plane.

5 Conclusion

A technique for implicit PDE solver implementation
using multiplicable operators was presented. Due to
boundary conditions which are incorporated in the
discretization, a discrete version of a linear operator is
not always linear in the unknown part of its operand,
but it may be affine. Such affine operators are com-
bined by matrix-matrix and matrix-vector multiplica-
tion.

ISBN: 978-960-474-089-5
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Figure 1: The potential.

Multiplicable operators allow programmers to

write solvers in an intuitive manner which resembles
mathematical notation. As this technique is based on
the discretization of individual operators, it facilitates
the design of schemes with favorable properties, such
as mimetic methods.
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Finite Difference Schemes of Unsteady Boundary Layer Flow and Heat
Transfer over a Stretching Surface in a Micropolar Fluid

NIKOS E. MASTORAKIS
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Zografou, 15773, Athens, GREECE

and
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Abstract: - In this paper, several numerical schemes are presented for the problem of unsteady boundary layer
flow and heat transfer of an incompressible micropolar fluid over a stretching sheet when the sheet is stretched
in its own plane. We consider the equations given in [1] and then we introduce several numerical schemes.
The velocity and temperature are assumed to vary linearly with the distance along the sheet. Two equal and
opposite forces are impulsively applied along the x-axis so that the sheet is stretched, keeping the origin fixed
in a micropolar fluid.

Key-Words: - Finite Differences, Numerical Schemes, Heat transfer, Micropolar fluid

1 Introduction

In [1], the authors have considered the flow of an
incompressible micropolar fluid in the region y > 0 pj(a—N+ua—N+va—Nj— az—N—K[ZN +@J 3)
d_rlven by a plane surface located at y = 0 with a ot X oy oy? oy

fixed end at x = 0. It is assumed that the surface is

stretched in the x-direction such that the temperature
and x-component of the velocity vary linearly along

it,i.e. T_(X)=T_+ax and u_(X)=CX respectively, ot
where a and c are arbitrary positive constants. The

simplified two-dimensional equations governing the o o ) . .
flow in the boundary layer of a steady, laminar and where the initial conditions are written again here in

oT oT oT o7 (4)
+U—+V-—=a—
ox oy

incompressible micropolar fluid are amore general and compact form

Initial Conditions:
6_u+@20 (1) The following functions of x,y,t are known (given)
ox oy for t=0,

ie.

V(X Y,0)=vy(x,y)

u(x,y,0)=u,(xY)

au  au au (,u+1<j62u x ON )
—tU—tV—=|— | 5+——
a ox oy p oy poy
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N (X y,0)=Ny(x,y)
T(xY,0)=Ty(x,y)

Also v(x,0,t)=v*(x,t)

here u and v are the velocity components along the
X- and y-axes, respectively, t is time, N is the
microrotation or angular velocity whose direction of
rotation is in the x-y plane, T is temperature, x is
dynamic viscosity, p is the density, j is microinertia
per unit mass, y is spin gradient viscosity, x is the
vortex viscosity and ¢« is thermal diffusivity.
Further, n is a constant where 0<n<1. The case
n=0, which indicates N = 0 at the wall represents
concentrated particle  flows in  which the
microelements close to the wall surface are unable
to rotate (Jena and Mathur [11]). This case is also
known as the strong concentration of microelements
(Guram and Smith [12]). The case n = % indicates
the vanishing of antisymmetric part of the stress
tensor and denotes weak concentration of
microelements (Ahmadi [13]). The case n = 1 as
suggested by Peddieson [14] is used for the
modeling of turbulent boundary layer flows. In this
paper we consider only the case of n = %.

In this paper, we attempt to solve numerically the
systems of (1), (2), (3), (4) with the aforementioned
initial conditions. Note that a simple numerical
scheme is given also in [26]. In [27], several
numerical schemes are given for the equations

%u = div(vu|”* vu)

o div(vu|"” vu) +
ot

u_ div(vu'|”” vur)

ot

Accompanied by appropriate initial mconditions
Some other relevant studies can be found in [28],
[29], [30].

2 Numerical Schemes for the system
of (1), (2), (3) and (4)

The descritization in (1), (2), (3), (4) renders

i i i i i
to Uik, Vi, Njk. ijk where i represents

the (discrete) time and jk the spatial
coordinates. The steps of the descritization are

h,h,h, with respect to tx,y So, we have

ISSN: 1790-2769
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introduced a grid of points in the R®space of
(txy)

Here we are interested only for Explicit
Numerical Schemes (because of the initial
conditions), while in a boundary value problem
we could use also implicit numerical schemes
Then as a first explicit numerical scheme we
can propose considering the equations (2), (3),
(4) the following

i+l i i

Ujk —Ujxk - Uik —Ujax _y uj,k_uj,k-lJr
T Tk Jk
h h, h,
[ [ [ [ [
J{/JJFKJ Ujy =205, +Uj LK N; =N
2
P h, P h,
i+1 i i i i i
Nj,k_Njk L Nj,k_Njfl,k_ i Nj,k_Nj,k—l+
Tk ik
h h, h,
1 N;k_ZN;,k—l+N;,k—2 i uij,k_uljk—l
+—_{7/ . —K| 2N;, +
Pl 2
il i i i [ i
Tj,k _Tj,k U Tj,k _Tj—l,k _y Tj,k Tj,k—l n
Tk ik
h h, h,
T, —2T L, +T
j.k j.k-1 j.k=2
+a h?
2
Therefore one can compute u,, Ni%, T/ from
i [ i
Ujier Njso T

i+1

The point is how to compute v,
To this end we consider (1) at the point ijfﬁ

i+1 i+1
_Vj,k —Vika

h, h,
So the differences Vi —v
and v} starting from v},

i+l i+l
Uik —Ujak _

i+1

\"1x can be computed

because V|, =v*(jh,ih) due to
v(x,0,t) =v*(xt)
see the last initial condition

Numerical examples and numerical experiments
are in accordance with [1] and [26].
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Furthermore as a second explicit numerical
scheme we can propose considering the
equations (2), (3), (4) the following

i+l i
Uj —Uj

{h _

,u+Kj
yo,

Nk =Nje
h

-

[ [ [ [

i Uik —Ujk _y Uj i —Ujk N
ik ik
] h1 ] h2

i i [ i i
uj,k+1_2uj,k U +£ Nj,k+1_Nj,k

2
h, P h,

i i
i Nj,k+l_Nj,k n

jk
h2

i
i Nj+1,k
jk

_N;,k ~

hy

—2N},k +N}VH
h,?

i
+i Nj i ik

o]

_K[ZN;'k + h,

i
Tj,k+1 -

+a

i+1 Ni+1

i+l
Also one can compute uj’, N\, T/ from

i+1

T, computing again the V'’
i+1 i+1 i+1 i+1
ik —Ujik _ _Vj,k —Vika
i+1
Vioik

from

i i
Ui N

from

(The differences v‘jfkl— can be computed

v because

and v, starting L0

Vi =v*(jh,ih) dueto v(x,0,t)=v*(xt))

As a third explicit numerical scheme
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)
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U}T&_U;,kzl i Ujp —Ujoai i T
h 2 % h MO h,
N ﬂﬂju‘j* —2u, UL LK NS, —N}’H]
2
P h, P h,
Ut = U, —ut
E _u|ij j+Lk Jk_vljyk j.k J,k—l+
2 h h,
N ,U+Kjuij,k+l_2u},k+uij,k—l EN;,kH_N},k
P h22 P h,
N;J,rkl_N;,k :E _ui_ N;,k_N},l,k_ i N;,k_N},k—l_i_
h 2 % h e h,
N!' —2N! , +N! o, -d
e |
2
NP —N! NP —N!
+%[_u|j‘k j+1,k .k _ |j’k jok+1 .k +
h h,
N! ., —2N! +N! R THL
_i_%Ly jok+1 h;,k J,k—l_K(ZN;'k_F J,k+1h JYKJB
2 2
TAiT(l _T-ik 1 i T-ik _T-i_ ) i le _T-ik_
i, ik _ = Ul i, i1 -V, j bkt
h 2 h h,
T, —2T!  +T!
+a .k ;‘ikzl j.k ZJ
7)
1 _uij,k le+l,k _lek _Vij,k le,k+1 _le,k 4
2 h h,
T = 2T +T/
+a J.k+1 hjz,k .k lj
2
Tji:;;l _-I-JIk _
h

Clearly the third explicit numerical scheme is
produced by considering the averages of the
right-hand sides of the equations of the first and
the second explicit numerical scheme.

As in the two first explicit numerical schemes

i+1 i+1 i+1
we can compute u',, N\, T/ from
uj,, Ni,. T/, computing again the V',
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