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Preface 
This year the 2nd WSEAS International Conference on FINITE DIFFERENCES, FINITE 
ELEMENTS, FINITE VOLUMES, BOUNDARY ELEMENTS (F-and-B '09) was held in 
Tbilisi, Georgia. The Conference remains faithful to its original idea of providing a platform to 
discuss iterative methods, nonlinear problems, multidimensional systems, Godunov finite 
volume discretizations, genetic algorithms etc. with participants from all over the world, both 
from academia and from industry. 

Its success is reflected in the papers received, with participants coming from several countries, 
allowing a real multinational multicultural exchange of experiences and ideas. 

The accepted papers of this conference are published in this Book that will be indexed by ISI. 
Please, check it: www.worldses.org/indexes as well as in the CD-ROM Proceedings. They will 
be also available in the E-Library of the WSEAS. The best papers will be also promoted in many 
Journals for further evaluation. 

A Conference such as this can only succeed as a team effort, so the Editors want to thank the 
International Scientific Committee and the Reviewers for their excellent work in reviewing the 
papers as well as their invaluable input and advice. 

The Editors 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 













where UN contains the prescribed fluxes through the
Γ2 faces, while U contains all other (unknown) fluxes.
Equation (8) defines an affine operator acting on U
that will be denoted by Div:

DivU ≡ D1U + D2UN , (9)

Operators D3 and D4 compute the divergence at the
boundary as defined by the extension in (5).

Equations (6) and (7) define the structure of the
GRAD operator in matrix form:

GRAD =

[ −D∗
1 −D∗

3

−D∗
2 −D∗

4

]

. (10)

If H denotes the vector of potential values in cell
centers, HB denotes the vector of potential values at
boundary faces, and H denotes the concatenation of
these two vectors, then

GRADH = −D∗
1H − D∗

3HB. (11)

Equation (11) defines an affine operator acting on H
that will be denoted by Grad:

GradH ≡ −D∗
1H − D∗

3HB. (12)

Even though HB also contains the unknown poten-
tials at Γ2, their corresponding entries in D∗

3 are zero,
so D∗

3HB is known.
Operators −D∗

2 and −D2
4 compute the potential

differences along Γ2. Since the flux was prescribed
here, these potential differences are not needed.

Operator Grad computes the potential differ-
ences between cell centers, while Div takes the fluxes
as its argument. It is the task of the constitutive rela-
tion, Darcy’s law, to map one onto another.

The simplest discretization of the constitutive re-
lation was used. It was assumed that the conductivity
is isotropic, in which case K reduces to a scalar. Op-
erator Darcy mapping GradH to U is represented
by a diagonal matrix with diagonal entries

dii = −AiKi

li
, (13)

where Ai is the area of face i, Ki is the conductivity
over face i, and li is the distance between the cen-
ters of cells sharing face i, or between the cell center
and face i center for boundary faces. This mapping
assumes that the line connecting the neighboring cell
centers is normal to the face inbetween. Therefore it
is not very accurate on distorted meshes. However, it
leads to a symmetric discrete Laplacian operator. A
more accurate mapping could be obtained if the sur-
rounding gradients were also included in the flux re-
construction.

A discrete version of (3) is

(Div ∗Darcy ∗Grad)(H) = 0, (14)

where ∗ denotes the operator multiplication defined as
(A ∗ B)(x) = A(B(x)). This relation includes the
boundary conditions.

4 Implementation aspects

Linear system (14) is assembled in C++ using the fol-
lowing notation:

linsys = div*darcy*(-adj(div));

Variables div, darcy, and linsys are instances of
the same class, representing affine operators. To com-
pute the gradient operator using formula (6), function
adj must know D∗

3HB , and this information is not
contained in Div operator. Therefore, div must con-
tain matrix D1 and vectors D2UN and D∗

3HB, and
adj computes the adjoint of D1 and swaps the vec-
tors.

We have used MTL4 library [2] for sparse ma-
trix and vector operations because most other sparse
matrix libraries do not implement matrix-matrix mul-
tiplication. Distributed and Unified Numerics Envi-
ronment (DUNE) [1] was used as a grid interface.

To reduce memory requirements, it is possible to
implement an affine operator that does not store a ma-
trix. Instead, it computes the non-zero matrix entries
on the fly. In this case a specialized operator* that
multiplies such affine operator with other affine oper-
ators must be provided.

For the computational domain we take the unit
cube (Fig. 1). Outflow rate un ≡ 1 was prescribed
on the right hand boundary face, while the potential
h = 1 − x was prescribed on all other boundaries.
We take K ≡ 1. The resulting linear system was
solved using BiCGStab method with ILU precondi-
tioner, provided by MTL4 library. Fig. 1 shows the
distribution of the calculated potential over a symme-
try intersection plane.

5 Conclusion

A technique for implicit PDE solver implementation
using multiplicable operators was presented. Due to
boundary conditions which are incorporated in the
discretization, a discrete version of a linear operator is
not always linear in the unknown part of its operand,
but it may be affine. Such affine operators are com-
bined by matrix-matrix and matrix-vector multiplica-
tion.
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Figure 1: The potential.

Multiplicable operators allow programmers to
write solvers in an intuitive manner which resembles
mathematical notation. As this technique is based on
the discretization of individual operators, it facilitates
the design of schemes with favorable properties, such
as mimetic methods.
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Abstract: - In this paper, several numerical schemes are presented for the problem of unsteady boundary layer 
flow and heat transfer of an incompressible micropolar fluid over a stretching sheet when the sheet is stretched 
in its own plane. We consider the equations given in [1] and then we introduce several numerical schemes. 
The velocity and temperature are assumed to vary linearly with the distance along the sheet. Two equal and 
opposite forces are impulsively applied along the x-axis so that the sheet is stretched, keeping the origin fixed 
in a micropolar fluid. 
 
Key-Words: - Finite Differences, Numerical Schemes, Heat transfer, Micropolar fluid 
 
1   Introduction 
In [1], the authors have considered the flow of an 
incompressible micropolar fluid in the region y > 0 
driven by a plane surface located at y = 0 with a 
fixed end at x = 0. It is assumed that the surface is 
stretched in the x-direction such that the temperature 
and x-component of the velocity vary linearly along 
it, i.e.  and  respectively, 
where a and c are arbitrary positive constants. The 
simplified two-dimensional equations governing the 
flow in the boundary layer of a steady, laminar and 
incompressible micropolar fluid are 

( )T x T ax∞ ∞= + ( )u x cx∞ =

 

0u v
x y
∂ ∂

+ =
∂ ∂

                                                              (1) 

 
 

2

2

u u u uu v
t x y y

μ κ κ
ρ ρ

⎛ ⎞∂ ∂ ∂ + ∂ ∂
+ + = +⎜ ⎟∂ ∂ ∂ ∂ ∂⎝ ⎠

 
 

2

2 2N N N N uj u v N
t x y y y

ρ γ κ
⎛ ⎞ ⎛ ⎞∂ ∂ ∂ ∂ ∂

+ + = − +⎜ ⎟ ⎜ ⎟∂ ∂ ∂ ∂ ∂⎝ ⎠ ⎝ ⎠

         (3) 

 
2

2

T T Tu v a
t x y

T
y

∂ ∂ ∂ ∂
+ + =

∂ ∂ ∂ ∂
                                     (4) 

 
 
where the initial conditions are written again here in 
a more general and compact form 
 
Initial Conditions: 
The following functions of x,y,t are known (given) 
for t=0, 
i.e. 
( ) ( )0, ,0 ,v x y v x y=  

N
y

           (2) ( ) ( )0, ,0 ,u x y u x y=  

Proceedings of the 2nd WSEAS Int. Conf. on FINITE DIFFERENCES, FINITE ELEMENTS, FINITE VOLUMES, BOUNDARY ELEMENTS

ISSN: 1790-2769 39 ISBN: 978-960-474-089-5

mailto:mastor@wseas.org


( ) (0, ,0 ,N x y N x y= )
)

)

 

( ) (0, ,0 ,T x y T x y=  

Also  ( ) (,0, * ,v x t v x t=
here u and v are the velocity components along the 
x- and y-axes, respectively, t is time, N is the 
microrotation or angular velocity whose direction of 
rotation is in the x-y plane, T is temperature, μ  is 
dynamic viscosity, ρ is the density, j is microinertia 
per unit mass, γ  is spin gradient viscosity, κ  is the 
vortex viscosity and α  is thermal diffusivity. 
Further, n is a constant where . The case 
n=0, which indicates N = 0 at the wall represents 
concentrated particle flows in which the 
microelements close to the wall surface are unable 
to rotate (Jena and Mathur [11]). This case is also 
known as the strong concentration of microelements 
(Guram and Smith [12]). The case n = ½ indicates 
the vanishing of antisymmetric part of the stress 
tensor and denotes weak concentration of 
microelements (Ahmadi [13]). The case n = 1 as 
suggested by Peddieson [14] is used for the 
modeling of turbulent boundary layer flows. In this 

0 n≤ ≤1

paper we consider only the case of n = ½. 
In this paper, we attempt to solve numerically the 
systems of (1), (2), (3), (4) with the aforementioned 
initial conditions. Note that a simple numerical 
scheme is given also in [26]. In [27], several 
numerical schemes are given for the equations 

2( )pu div u u
t

−∂
= ∇ ∇

∂
 

2( )p qu div u u u
t

λ−∂
= ∇ ∇ +

∂
 

2
( )

pn nu div u u
t

−∂
= ∇ ∇

∂
 

Accompanied by appropriate initial mconditions 
Some other relevant studies can be found in [28], 
[29], [30]. 
 
2   Numerical Schemes for the system 
of (1), (2), (3) and (4) 
 
The descritization in (1), (2), (3), (4) renders 

to  , , , where i represents 
the (discrete) time and j,k the spatial 
coordinates. The steps of the descritization are 

with respect to t,x,y So, we have 

introduced a grid of points in the space of 
(t,x,y) 

,
i
j ku

1 2, ,h h h

,
i
j kv ,

i
j kN ,

i
j kT

3

Here we are interested only for Explicit 
Numerical Schemes (because of the initial 
conditions), while in a boundary value problem 
we could use also implicit numerical schemes 
Then as a first explicit numerical scheme we 
can propose considering the equations (2), (3), 
(4) the following 
 

1
, , , 1, ,

1 2

,

2 2

i i
j k

i
j k

u u

N
h h

, 1
, ,

, , 1 , 2 , 1
2

2

i i i i
j k j k j k j k j ki i

j k j k

i i i i
j k j k j k j k

u u u u
u v

h h h

u u u Nμ κ κ
ρ ρ

+
− −

− − −

− − −
= − − +

− + −⎛ ⎞+
+ +⎜ ⎟
⎝ ⎠

 

 
 

1
, , , 1, ,

,

i
j k

i
j k

N , 1
, ,

1 2

, , 1 , 2 , , 1
2

2 2

21 2

i i i i i
j k j k j k j k j ki i

j k j k

i i i i i
j k j k j k j k j k

N N N N N
u v

h h h

N N N u u
N

j h h
γ κ

ρ

+
− −

− − −

− − −
= − − +

⎛ ⎞⎛ ⎞− + −
+ − +⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠
 
 

1
, , , 1, ,

1 2

i
j kT , 1

, ,

, , 1 , 2
2

2

2

i i i i i
j k j k j k j k j ki i

j k j k

i i i
j k j k j k

T T T T T
u v

h h h

T T T
a

h

+
− −

− −

− − −
= − − +

− +
+

1+

,
i

 

Therefore one can compute  from 1 1,j k j kT

i

, , ,,i i i
j ku N+ +

, ,, ,i i
j k j k j ku N T  

 
The point is how to compute  1

,
i
j kv +

To this end we consider (1) at the point 1
,j k
+  

1 1 1 1
, 1, , ,

1 2

i i i i
j k j k j k j ku u v v

h h

+ + + +
1− −− −

= −  

So the differences  can be computed 

and  starting from  

1 1
,

i i
j k j kv v+ +

−−

,0
i
jv

1,

,
i
j kv

because  due to ,0 1*( , )i
jv v jh ih=

( ) ( )* ,v x t=,0,v x t  
see the last initial condition 
 
Numerical examples and numerical experiments 
are in accordance with [1] and [26]. 
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Furthermore as a second explicit numerical 
scheme we can propose considering the 
equations (2), (3), (4) the following 
 

1
, , 1, , , 1 ,

, ,
1 2

, 1 , , 1 , 1 ,
2

2 2

2

i i i i i i
j k j k j k j k j k j ki i

j k j k

i i i i i
j k j k j k j k

u u u u u u
u v

h h h

u u u N N
h h

μ κ κ
ρ ρ

+
+ +

+ − +

− −
= − − +

− + −⎛ ⎞+
+ +⎜ ⎟
⎝ ⎠

j k

−

 

 
 

1
, , 1, , , 1 ,

, ,
1 2

, 1 , , 1 , 1 ,
,2

2 2

21 2

i i i i i i
j k j k j k j k j k j ki i

j k j k

i i i i i
j k j k j k j k j ki

j k

N N N N N N
u v

h h h

N N N u u
N

j h h
γ κ

ρ

+
+ +

+ − +

− − −
= − − +

⎛ ⎞⎛ ⎞− + −
+ − +⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠
 
 

1
, , 1, , , 1 ,

, ,
1 2

, 1 , , 1
2

2

2

i i i i i i
j k j k j k j k j k j ki i

j k j k

i i i
j k j k j k

T T T T T T
u v

h h h

T T T
a

h

+
+ +

+ −

− −
= − − +

− +
+

−

1+

,
i

 

Also one can compute  from 1 1
, , ,, ,i i i

j k j k j ku N T+ +

, ,, ,i i
j k j k j ku N T computing again the   1

,
i
j kv +

from 
1 1 1 1

, 1, , ,

1 2

i i i i
j k j k j k j ku u v v

h h

+ + + +
− −− −

= − 1

1,

 

(The differences  can be computed 

and  starting from , because 

 due to 

1 1
,

i i
j k j kv v+ +

−−

,
i
j kv

*(v jh
,0

i
jv

,0 1, )i
jv ih= ( ) *v= (, ,t x t ),0v x ) 

 
 
As a third explicit numerical scheme 
 

1
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2
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2
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Clearly the  third explicit numerical scheme is 
produced by considering the averages of the 
right-hand sides of the equations of the first and 
the second explicit numerical scheme. 
As in the two first explicit numerical schemes 
we can compute 1 1

, , ,, ,i i i
j k j k j ku N T 1+ + +  from 

, ,, ,i i
j k j k j ku N T ,

i computing again the   1
,

i
j kv +
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